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Abstract 

We study the Cauchy problem for the fractional Schrodinger equa- 
tion 

id t u = (m 2 - A)§u + F(it) in M. 1+n , 

where n > 1, m > 0, 1 < a < 2, and -F stands for the nonlinear ity of 
Hartree type: 

F(u) = A ( * H 2 ) « 

with A = ±1,0 < 7 < n, and < ^ G L°°(R n ). We prove the exis- 
tence and uniqueness of local and global solutions for certain a, 7, A, 
ip. We also remark on finite time blowup of solutions when A = — 1. 

Key Words and Phrases, fractional Schrodinger equation, Hartree 
type nonlinearity, Strichartz estimates, finite time blowup 
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1 Introduction 

In this paper we consider the following Cauchy problem: 

id t u = D^u + F(u), in R 1+n x R, n > 1 
u{x,0) = (f{x) in R n , 

where D m = (m 2 — A) a, 1 < a < 2, and F(u) is nonlinear functional 
of Hartree type such that F(u) = A (^j^- * |u| 2 j u = A/\" 7 (|u| 2 )u, where * 
denotes the convolution in R n , A = ±1, /x > 0, < 7 < n and < if) G 
L°°(R n ). 

When m = 0, the equation ( 11. ip is called fractional Schrodinger equation 
which was used to describe particles in Levy stochastic process, and when 
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m > 0, generalized semirelativistic equation. See [33JJ [201 I2H 122] and the 
references therein. 

If m — 0, then similarly to the Schrodinger case (a = 2) the equa- 
tion (jl.ip has scaling invariance property. In fact the function u a (t,x) = 
a a u(a a t,ax) (a > 0) is also a solution of (II. ip . The associated invariant 
space is . So, we call the equation if ^"-subcritical if we pursue the so- 
lution m G if s for s > if 2 -critical for s = and if ^-supercritical 
for s < 

The purpose of this paper is to establish the local and global existence 
theory to the equation (11.11) and also finite time blowup. In this paper we 
study the Cauchy problem (II .ip in the form of the integral equation: 

u(t) = U(t)(p-i [ U{t-t')F(u){t')dt', (1.2) 
Jo 

where 

U{t)ip{x) = (e-^ 2 - A >>)(x) = [ e^-^+WMm* 

Here (p denotes the Fourier transform of cp such that <p(£) = L„ e~ tx '^ip(x) dx. 

One of the key tools for the global theory is the conservation law. If the 
solution u of (II. ip has sufficient decay at infinity and smoothness, it satisfies 
two conservation laws: 

IK*) 11^ = IMU 2 > 
E{u) = K{u) + V{u) =E(<p), 

where K{u) = \{{m 2 — A)f u, u), V(u) = \(F(u),u) and ( , ) is the complex 
inner product in L 2 . The energy space is if 2\ So, the equation (II. ip is 
referred to be energy critical if 7 = 2a, subcritical if 7 < 2a and supercritical 
if 7 > 2a, respectively. Similarly we use the terminology mass critical, 
subcritical, supercritical for the case 7 = a, 7 < a, 7 > a, respectively. For 
the proof of (11.31) a regularizing method is simply applicable as in [22] in the 
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case of < 7 < a. For local solutions constructed by a contraction argument 
based on the Strichartz estimate stated below, the case of a < 7 < 2a is 
treated by exactly the same method as in [23] without using approximate 
or regularizing approach. The second tool is the Strichartz estimates. In 
Section 2 we recall three versions which will be used in the argument of the 
paper. 

In Section 3, without resort to Strichartz estimates local and global ex- 
istence results are treated for m > through the contraction argument and 
the conservation laws above. This result is an extension of the work of 
Lenzmann [22] and [5] to fractional NLS. In particular, we show the global 

existence in the focusing mass critical case, that is, 7 = a, A = —1, for 

1 

the initial norm with || 99 1| ^2 < IIQHi^/H^lli 00 ' where Q is the solution of 
(— A)tQ — (|x| -7 * \Q\ 2 )Q = —Q- We also show the solution norm can be 
estimated uniformly in terms of m in finite time, which enables us to consider 
two types of limiting problems (m — > and m — > 00). See Remark [1] below. 

In Section 4, we consider the local and global existence via standard 
Strichartz estimates (12.1 p and ( 12. 2 p below. The advantage of Strichartz es- 
timate is to give a chance for existence results of lower regularity than ones 
without using Strichartz estimates. However, owing to the regularity loss of 
Strichartz estimates, it is hard to handle the critical problem. On the other 
hand, such estimates enable us to get a small data global existence results 
and scattering for the case 2a < 7 < n. 

In Section 5, we treat the critical problem. To handle the critical regular- 
ity one needs Strichartz estimate without regularity loss as Schrodinger case. 
Recently, such estimates have been developed independently in PS] and [5J, 
when radial symmetry or angular regularity is assumed. See (12. 3p and (12. 4p 
below. Using these, we show the global existence of radial solutions in H x ^~ 
for suitable 7 and a. In [16], the authors considered the equation with m = 
and power type nonlinearity. 
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Section 6 is devoted to the global existence of small data in critical solu- 
tion space below L 2 , that is H 1 ^,^ < a without radial symmetry. For this 
we use weighted Strichartz estimates (12. 5 p and (12.61) in the same way as in 
[5]. When m > 0, we could not control the homogeneous H s norm by the 
weighted Strichartz estimates. Thus we only consider the case m — 0. It 
would be so interesting to show the global existence when m > 0. For the 
simplicity of presentation we try 3-d case in Section 6. We leave the general 
case to the readers. 

In the last section, we study a finite time blowup for the focusing case. 
For this we consider a massive mass critical Hartree nonlinearity given by 
the mass m > and the potential — ip(x)/\x\ a where if)' < and l^'l < -, 
and a initial data with E(tp) < 0. Then by adapting the Virial argument of 
[T5] and pi] we show the nonnegative quantity (u, x ■ D 2 ^ a xu) is estimated as 
follows: for any m > and t G [0, T*) 

(u, x ■ D 2 ~ a xu) < 2a 2 E{^)t 2 + 2a((y>, A<p) + C|M|£a)< + (<p, Mtp). (1.4) 

Since E(ip) < 0, the maximal existence time T* of solution should be finite. In 
[1] , the authors considered massless case and they obtained finite time blowup 
for mass critical equations. We extended their results to massive case and 
show that the constant C in (ll.4p does not depend on m > 0. For the proof 
of (ll.4p we show L 2 operator norm of the commutator [D^, \x\ 2 K a (\u\ 2 )] is 
bounded by ||<£>||^2 for which we need to assume that radial symmetry of 
solution. We also establish some propagation estimates of moment at the 
end of Section 7. 

Now we close this section by introducing some notations. The mixed norm 
||F||i8x means ( L \\F(t, -)||^- cf£)«. We will use the notations |V| = a/— A, 
H° = \V\- s L r (iff = H s ) and H s r = (1 - A)- s / 2 L r (H s = HI). Hereafter, 
we denote the space L^p(B) by L q (0,T; B) and its norm by || • b f° r 
some Banach space B, and also L q (B) with norm || • \\lvb by L q (0, oo; B), 
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1 < q < oo. If not specified, throughout this paper, the notation A < B 
and A > B denote A < CB and A > C~ X B, respectively. Different positive 
constants possibly depending on n, a and 7 might be denoted by the same 
letter C. A ~ B means that both A < B and A > B hold. 



2 Strichartz estimates 

In this paper we will treat three versions of Strichartz estimates. We first 
consider the standard Strichartz estimate for the unitary group U(t) (see 

my- 

1_J_ n(2-q) / 1 1 \ 

\\U(tM^Ln <Ccl ^\\D m 2 u ri V|| L2 , (2.1) 

U(t-l/)F(t')di/\\ LpLri <Cc~^ ^\\V m 2 ^ - "'FWtfri' ( 2 - 2 ) 

where c Q = (a — and the constant C does not depend on m. These 
estimates hold for n > 1 and the pairs (qi,ri),i = 1,2 satisfying that 2 < 
g,, Tj < 00, |: + ^ = I and (gj,rj) 7^ (2, 00). The constant c a shows the 
sharpness of the estimates near a = 1. We will use the estimates (12. ip and 
(12. 2 p for the existence of H s solutions for some s < ^ in Section 5. 

Next we will use the recently developed radial Strichartz estimates [HI [16] 
as follows: for radial functions tp and F 

\\U{t)<p\\ L K Ln <Ccr^\\D d m ip\\ L2 , (2.3) 
|| jT U(t-1^)F(1f)dtf\\^ < Ccl^^||F||^ Lr ,, (2.4) 

where C does not depend on m. Here 9 G 1R and n > 2. The pairs (g^, r^), z = 
1,2, satisfy the range conditions 2 < q i: < 00, ^2 7^ 2, 



n / 1 1\ 1 2// - 1 / i 1 



2 V2 r< J ~ qi ~ 2 V 2 n 



6 



(n,g f ,ri) ^ (2, 



2,oo), (gi,ri)^(2 



2(2n - 1) 
2n-3 



)• 



and the gap condition 



a n 

qi n 





q2 r 2 2 



a n n 



These will be used for global well-posedness of radial solution with critical 
regularity in Section 6. 

Finally to treat the well-posedness in the case of below L 2 we will use the 
weighted Strichartz estimates: 

(1) Let < a < 2=i and /?i < 2=i - a. Then we have 



Here d u = a/1 — Aj, A w is the Laplace-Beltrami operator on the unit 
sphere S"™ -1 and C does not depend on m. We have used the notation 



WfW&LZ = (/ °°(/s»-i |/(Hl ra ^)^P n " 1 ^)^- Forthepart(l) see and 



[2] . For ( 12. 6 p we refer to [2] and also to [TTJ [7] for earlier and more general 
versions, respectively 

3 Existence I 

In this section, we study the local and global existence without resort to 
Strichartz estimates. 

Let us first introduce the following local existence result. 

Proposition 3.1. Let m>0 ; 0<7<n and n > 1. Suppose tp 6 H s (M. n ) 
with s > I . T/ien i/iere exists a positive time T such that (11. 2p has a unique 
solution u G C([0, T]; -£P) ||w||l|?h s < C|MI# S > where C does not depend 
on m > 0. 



x\ a \V\ a -%d^U{t)ip\\ L?L ~ Ll < C\\<p\\ Li . 



(2.5) 



(2) Let 



— | < b < and ^2 < —2 _ 6- Then we have 

\\\x\ b \V\ 1+b D-^d^U(t) V \\ Lix < C\\<p\\ Lg . 



(2.6) 
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Proof. Let (X(T, p),d) be a complete metric space with metric d defined by 
X(T,p) = {uEL™(H s (R n )): \\u\\ L¥H . < p}, d x (u,v) = \\u - v\\ L ~ L 2. 
Now we define a mapping M : u h-> A/"(m) on X(T, p) by 

M{u){t) = U(t)ip-% I U(t-t')F(u)(t')dt'. (3.1) 

Our strategy is to use the standard contraction mapping argument. To do 
so, let us introduce a generalized Leibniz rule (see Lemma Al ~ Lemma A4 
in Appendix of [18J). 

Lemma 3.2. For any s > we have 

ll|V|*(w)|Ur < |||V|'tt|| L n||v|Uffl + NU«i|||V|'v|| L n,, 
where\ = \ + ±- 2 =± + ±, n G (1, oo), g f G (1, oo], 2 = 1,2. 
Then for hgI (T, p) and s > ^ we have 

U-AfMIU-?*. < IMk» +T||F(u)|| L « H . 

< \\<p\\ H , +T(|| J fC 7 (|w| 2 )|| i oo LOO ||M|| i o ? ^ 

+ii^7(i«r)iu?H5 ? ii«ii i5?J .J5 7 ^ 

< |M| H . + T\H\ 2 L¥Hi \Hl ¥ h* < \\<p\\ B . + Tp 3 . 

(3.2) 

Here we have used the trivial inequality 

K,(v)= [ ^ X ~f v{y)dy<U\\ L ^ f \x-y\^v{y)dy 

jr« \ x ~ y\ jR n 
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for v > 0, the Hardy-Littlewood-Sobolev inequality, Lemma I3T2"| the Hardy 
type inequality 

\u(x - y)\ 2 



sup 



\y\ 



dy 



<!!<*, (3.3) 



and we used the Sobolev embedding H 2 L"-t. 

If we choose p and T such as ||<p||#s < p/2 and CTp 3 < p/2, then M 
maps X(T,p) to itself. 

Now we show that is a Lipschitz map for sufficiently small T. Let 
!i,!)G AT(T, p). Then we have 

d x {M{u),M{v)) 

^TWK.du^u- K,(\v\ 2 )v\\ L¥L2 

< T (||^ 7 (| M | 2 )( M - v)\\ L¥L2 + \\K^\u\ 2 - \v\ 2 )v\\ L¥L2 ^ 

< T(p 2 d(u, v) + p\\ \u\ 2 — \v\ 2 \\ 2n ) 

< Tip 2 + p(||m|| + llull ^«_))(ix(M,f) 

< Tp 2 d x (u,v). 

The above estimate implies that the mapping is a contraction, if T is 
sufficiently small. 

The uniqueness and time continuity follows easily from the equation ( 11. 2ft 
and a similar contraction argument. This completes the proof of Proposition 
ULU □ 



From the conservation laws (11.31) . we get the following global well-posedness 

Theorem 3.3. Let m > 0, < 7 < a for n > 2, 0<7<1 for n = 1, 
and s > 2. i,ei T* 6e £/ie maximal existence time of the solution u as in 
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Proposition 13. 11 Then if A = +1, or if X = —1 and ||^||l 2 sufficiently 
small, then T* = oo. Moreover ||u(t)||tf. < C\\ip\\ Hs e cmtp)l+M l 2)t , w/iere C 
does not depend on m > 0. 

Proof. From the estimate (I3.3P and L 2 conservation, we have 

|v^)l<IMI^NIi 2 - (3-4) 

Thus if A = +1 or if A = —1 and ||v?||l 2 is sufficiently small, then since 7 < a 
Ht)\\ 2 ^ < C(\E(u)\ + Ml*) = C{\E{fp)\ + |M|| 2 ). (3.5) 
From (I3.5p and a similar estimate to ( 13. 2p . we have 

IK^IIff" < IMk s + J \\ u \\ 2 h %\\ u \\h° dt 1 

< y\\ H s + (\e{<p)\ + Ml*) [ \\ u \\ H sdt'. 

Jo 

Gronwall's inequality shows that 

\\u(t)\\ H s < C\\<p\\H.exp{C(\E{<p)\ + y\\h)t). 

This completes the proof of Theorem I3.3I □ 

li if} = 1, m > 0, j = a and A = — 1, then ( 11. ip is L 2 -critical focusing 
FNLS and more precise statement is possible for global existence. In fact, 
(11.11) has a ground state Q in H 2 (see Theorem 1.8 of [H]), which satisfies 

(-A)^Q-(\xr*\Q\ 2 )Q = -Q 

and is a decreasing minimizer of the problem 



(3.6) 



Mil 2 a \\U\ 



L 2 



nQ\\h= mf M , (3.7) 

ueH%\{0} \Vi{u)\ 

where V\{u) = — | ff\x — y\~ 1 \u(x)\ 2 \u(y)\ 2 dxdy. Then we have the follow- 
ing. 
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Theorem 3.4. Let m > 0, 7 = a, n > 2 and s > |. Suppose T* be the 

maximal existence time of the solution u as in T7teorem l3.il Then if X = — 1 

1 

and |M|l2 < HQHlVIIV'IIl 00 ' then T* = 00. 
Proof. From (13. 7p we estimate as follows. 

^) = J B(«) = i||Djti||i a -|y(t*)| 
1 



... I,, .a 1 . o vi- / 00 mi 1 a . . o 11 1 1 o 

^iiivi**-§^iiivi^ii* 

H HlH ll,v|ltt «" 



1 L IMU-IMIk 



2 V IIQII 



2 



|V|*u|||a. 



Thus ||tt|| 2 a < E(ip) + ||</?||| 2 , provided \\<p\\lz < \\Q\\l 2 /\\iP\\l°°- in trie same 
way as in the proof of Theorem 13.31 we conclude the global existence. That 
is T* = 00. □ 

Remark 1. Let TJ nls = inf m > T* ; where T* is the maximal existence time 
of local solution u m in Proposition \3.1\ Then from the uniform estimate of 
solution in H s norm with respect to m > it follows that Tj nls > 0. This 
gives two types of limit problems as Propositions 2.4 and 2.5 of |2J/. For each 
m > let u m G C([0,TJ nls ); H s ) be the solution of (11.11) for s > | and Uo be 
the H s solution to the Cauchy problem: 

id t u = (-A)f uq + F(u Q ), uq(0) = (p. 

Then it immediately follows that for any T < TJ nls u m —> u in C([0, T}; H s ) 
as m — > 0. 

On the other hand, let v m = e ttm u m , the phase modulation of the solution 
u m to (11.11) . Then v m is the solution in C([0, T^ nls ); H s ) to the problem 

id t v m = ((m 2 - A)f - m a )v m + F(v m ), v m (0) = <p, 
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and if w m be the solution in C([0, T* ls ); H s ) to 

a 

id t w m = ~ 2m2 _ a Aw m + F(wm), w m (0) = (p. 

Here T* ls is the infimum of maximal existence time of w m with respect to m 
and the uniform estimate of w m similar to u m implies that T* ls > 0. Then 
by the same argument as in the proof of Proposition 2.5 of ^ one can also 
show that \\v m — w m ||L°°(o,T;iJ s ) —)■ as m —7- oo for any T < mm{Tj nls ,T* ls ) . 



4 Existence II: via Strichartz estimates 

In this section, we show the existence results with slightly lower regularity 
than the previous by using Strichartz estimates (12. ip and ( 12. 2ft . The following 
is on the local existence. 

Proposition 4.1. Let n > 1, m > and s > | — min(7, 2)j for 1 < a < 2 

and < 7 < n. If (p G i/ien there exists a positive time T such that (II. 2p 
has a unique solution u G C([0,T]; H s ) PI L^(H^~ a ), where q = |, r = 
and a = l5 ( 2 ~ a ) /or some 5 roi/i < o" < min(7, 2) and s > | — ■ 

Proof. Given n, a, 7 and s, choose a number 5 with < a < min(7, 2) and 
s > l~tf. Then for some positive number T to be chosen later, let us define 
a complete metric space (Y(T, p),dy) with metric dy by 

Y(T,p) = {ve L?(H S ) n ^(tfr 7 ) : |MU~ip + < p) , 

d Y (u,v) = \\u- v\\ L ^ H s nL q TH s- a , 

where q, r, a are the same indices as in Proposition 14.11 

We will show that the mapping M defined by (13.11) is a contraction on 
Y(T,p), provided T is sufficiently small. For this purpose we introduce a 
useful lemma. 
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Lemma 4.2 (Lemma 3.2 of [8]). Let < 7 < n. Then for any < e < n — 7 

we have 

\\K.y(\u\ 2 ) rno < ||u|| 2n II nil 2n ■ 

If we use the Strichartz estimates (12. ip and (12 .2p with the pair 

n, 92, r 2 ) = = |, r = ^7^, 00, 2 

together with Plancherel theorem, Lemma 14.21 and generalized Leibniz rules 
(Lemma I3.2p . then since o = s ^ 2 ~ a "> we have 



II^HII 



<M\ H ^\\D^ n{ ^F{u)U THS 

< WcnWrr. + \\KJ\n\ 2 



H 



+ II^OI )IIl1L^II M II^ s 



T 

2\ 



< 



+ / \\KJ\U\ 2 )\\ H S \\u\\ 2n dt 

H* + \\U\\ , 2n ||n|| 2n ||u|| L oo^ 



+ / W f/ s M 2n (it 

2n-( 7 -s) ^ WT ^ 

< + NL r 2» ||w|L f« J HUyg* 



for sufficiently small e. Here the involved constant is uniform on m if < 
171 < mo- 
Using Holder's inequality for time integral, we have 



'^H s nL q T Hr~' T 



\W{u)\\ L , 

, - (4-2) 

Now if we choose e > so small that e < min (7 — 5, 2 (s — a) — 7), then 
since 

2n 2n 2n 2n 

< ; r < ; r < 



n — 5 n — (7 — e) n — (7 + e) n — 5 — 2(s — a) 

13 



we have from (14. 2[) and Sobolev embedding H* ° <— > U fl L n - s -^ a -< r '> that 

\W( U )\\L^H^L^ T Hr^ ^ C'dblU 8 + Tl ~~ q \\ U \\L™HA\u\\ 2 LqTH s-.) 

for some constant C. Here we used the conventional embedding that if 2(s — 
cr) > n — 5 then H^ a ■=->■ L n for any ri > r. Thus if we choose p and T so 
that C||<^||# s < | and CT^^p 3 < |, then we conclude that A/" maps from 
Y(T,p) to itself. 

For any «,!)£ p), we have 

<||FH-F(.;)|| L ^ (4.3) 



< ||K 7 (| M | 2 - |H 2 )«lk^ + \\K,(\v\ 2 )(u - v)_ : 



LlrH a - 



By Lemma [4.21 and Holder's inequality, we have for sufficiently small e > 

||k 7 (H 2 - H 2 )«|| L ^ S 

< Hi^OI 2 - |w| 2 )|| L 2 L -||w|U2?^ 



+ ||ir 7 (|n| 2 -|t;| 2 )|| i ^, HI , 



< n\\\ U \ 2 - \v\ 2 \\^ n \\\u\ 2 - M 2 \r 2 



(4.4) 



L\,L n -ii+ s ) Li,L"-(T- £ ) 



+ p||«-t>||z°?if*(|M| „ 2n + ||w 



Now by another Holder's inequality with respect to the time variable, we 
have 

WK^ul 2 - \v\ 2 )u\\ L i H s <T 1 -lp 2 d Y (u,v). 



14 



Similarly, 

s- f\_Al\ /. ..Ml 



\K,(\v\ 2 )(u - v) 



|2 



+ \\K^(\v\ 2 )\\ L 2 H s \\u-v 



1 2 ™ 



An . . 

i L 2 L „- (7+e) (45) 



< 



ull 2n \\v\\ _^n_dr(u,v) 

+ IMI-L°°-H" S IMI 2 " IIm — t>| 



Z/|I/«-(t-sJ "l2 l „_( 7+£) 



Thus we get 



||lir 7 (|v| 2 )(u-T;)|| r i H . <T X ip 2 d Y (u,v). 

Substituting these two estimates into (14. 3 j) and then using the fact CT *p 2 < 
I for small T, we conclude that A/" is a contraction mapping. □ 

Now we show the local solutions can be extended globally in time by 
using the energy conservation law. We first consider defocusing case. 

Theorem 4.3. Let m > 0, < 7 < min(2a,ra) ; n > 1. If X = +1, then 
for any cp G H~a , then ( II. 2p /ias a unique solution u G C([0, 00); iff ) fl 
L q loc (Hr <J ), where q = |, r = and cr = ^IHz^l y or some 5 y^/j < 5 < 
min( 7 ,2) and f > | - f . 

Proof. Let T* be the maximal existence time. We will prove that T* is infinite 
by contradiction. Suppose that T* < 00. Then the local theory shows that 
||w|| q a_ a = 00. Since 7 < 2a, from the local existence Proposition 14. 1| 
we see that the energy conservation law (II. 3p holds. Thus if A = +1, then at 
any t < T*, the solution u satisfies that 

\\Ht)f H % < \\\u{t)\\ 2 L2 + E{u)= l -\\ V \\ 2 L2 +E{^). 

From the estimate (14. 2D which is used with s = ~, we have 

IML < Mh + E{<p) + t 1 -! (M 2 L2 + E{<p))Huf f _ a . 
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Thus for sufficiently small T depending on ||<^||| 2 + E(cp), 
where Tj — Tj-i = T for j < k — 1 and = T* This means that 

W(0,T»;H r ' ) Li(Tj-i,Tj;Hr ') 

This is the contradiction to the hypothesis T* < oo. This completes the 
proof of Theorem 14.31 □ 

To treat the focusing problem we need more elaboration. Let us first 
observe that for any / G iff 

\v(f)\ < ih%~ui*r * ifix^wni* < iMwi/ii^ii/iiir, 

where i = 1 — - — 3-. If a < 7 < 2a and 2 < r < then 2 < r < 

r r In 1 n—a ' n—a 

Thus from Sobolev embedding it follows that 

\V(f)\<U\\ L ~\\f\\T"Wir (4.6) 
From (14. 6p we can treat a variational problem. Let us invoke from |!) that 

a 

the embedding H^ ad ^ V is compact if n > 2, 1 < a < 2 and 2 < r < 

— Q 

Here H^ ad is the Sobolev space if ^ of radial functions. From this one can 
easily get the existence of nontrivial radial solution in iff to the problem 

, \V(u)\ 
J = sup 



u£H?\{0} \\u\\ ?a ||U|| L 2 



- I || 2(2— ^) 

. ,\u\ 

Now we consider the focusing case. 



Theorem 4.4. Let m > 0, X = —1, a < 7 < min(2a, n) and n > 2. 
If cp G iff and |M|ij§ sufficiently small, (11.21) /ias a unique solution 
u G C([0, 00); iff) n L q loc (Ht a ), where q = ^ r = ^ and a = ^ /or 

7 5a 



some 5 rai/i < 5 < min(7, 2) and § > | — 
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Proof. From w e deduce that \E(ip)\ = 0(\\(p\\ 2 . f ) as |M|^§ -> 0. Thus 
we have 



I 2(2— — ) — 

E(<p) = E(u) > -\\u\\ 2 fT s - J||ll||ra " IMI a °< ■ 



By the continuity argument we see that for any ip with sufficiently small 
\\ip\\ ^« such as 

\e(<p)\ < 4-^ (jiMiir^) - ^, 

the corresponding solution u satisfies the estimate 

IH^ f <4|£(^)|. 

Then the conclusion follows in the same way as in the proof of Theorem 

E3 □ 

Now we consider the small data global existence and scattering for 2a < 
7 < n. 

Theorem 4.5. Let m>0,2a< , ~f<n,n>3 and s > f — f ■ Then there 
exists p > such that for any <p G H s with \\p\\H s < P, (H-2H has a unique 

2-q 

solution u G Cb([0, 00); iP) fl L 2 (0, 00; iJ 2n 2 ). Moreover there is p + G -£P 
suc/i i/iat 

||u(t) - £/(t)<p + ||/^ ->■ as £ ->■ 00. 
Proof. Let us define a complete metric space (Y(p),d) with metric dy by 

y(p) = \v g y = c 6 ([o, 00); # s ) n l 2 (o, 00; h s z^) ■. \\v\\ Y < P ) , 

I re-2 J 

dy(u, v) = \\u — v\\y- 

Then from the estimate (14.21) . we have 

||JV(«)||y < C7||^||h« + C\\u\\ 2 g _2-c, ||m||l-(o,oo ; ^)- 
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If we choose sufficiently small p such that C||</?||^ s < | and Cp 3 < |, 
then M maps Y(p) to itself. Similarly, from f l4.3p - fl4.5p . one can show that 
d(M(u),J\f(v)) < ^d(u,v). This proves the existence part. 
To prove the scattering, let us define a function (p + by 



(p+ = (p-i U{-t')F(u)(t')dt'. 
Jo 

Then since the solution u is in Y(p), ip + G H s , and therefore 

/oo 
\\F(u)\\ H sdt' 

POO 

< ||m||l°°(o,oo ; ^) / IMI 2 s _2- a dt' ->■ as t ^ oo. 



□ 



5 Existence III: radial case 

In this section we establish the global existence theory of radial solution 
of (II -ip without regularity loss. We denote the Banach space X of radial 
functions by X ra( ^. We always assume that m > and ip is radially symmetric. 



5.1 Subcritical case 

We first consider the mass-( and energy-)subcritical problems. 

Theorem 5.1. (1) Let ^zj < ct < 2 and < 7 < a. If ip G L 2 rad , then 
there exists a unique solution u of (11. ip such that u G Cft([0, 00); L 2 rad ) fl 

L£ s (0,oo;L-*). 

(2) Lei 2^31 < a < 2 and a < 7 < min(2ot,n). If <p & H* ad {\\(p\\^% is 
sufficiently small if X = —1), then there exists a unique solution u of (jl.ip 
such that u G C b ([0, 00); Hj ad ) n L^(0, 00; ff f 2n ). 
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Contrary to Theorems 14.31 and 14.41 the mass-critical case is treated in the 
part (1) and a better Strichartz norm is obtained in the energy-subcritical 
case, part (2). 

Proof. Case (1). Let us define a complete metric space (Z(T, p),d z ) with 
metric d z by 

Z(T,p) = Iv G Z = a([0,T];lL)nW L^) : \\v\\ z < p\ , 

d z (u,v) = \\u - v\\ z - 

For some T and p we will show that the mapping M is a contraction on 
Z(7». 

From (El and (El with = and (q u n) = (^ , -^) , (g 2 , r 2 ) = (oo, 2) 

' n 2 

(thus 1 - = f- — ^) we have for any u G Z(T, p) 

\W{u)\\ z < y\\ L 2 + \\K y (\ u \ 2 )u\\ L i TL 2 < y\\ L 2 + ||w|||3 in 

The involved constant is uniform on m if < m < m®. From the gap 
condition it follows that tt^-t < a < 2. 

2n— 1 — 

Similarly one can easily show that for any u,v G Z(T,p) 

d z {U{u),N{v))<T l -ip 2 d z {u,v). 

For suitable p and T, M becomes a contraction mapping, which means there 
is a unique solution u G Z(T,p). Now by the L? conservation and time 
iteration scheme, u turns out to be a global solution of (11. ip . 

Case (2). In this case we define the metric space (Z(T, p),d z ) by 

Z(T,p) = \veZ = C b ([0, T];Hfj n hp ff f 2n ) : ||^|U < P 

[ n- 2 ^ 

d z (u,v) = \\u - v\\ z . 
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As above we choose 6 = 0, (01,77) = ( j^, - 2 2 "„ — ) and (g 2 ,r 2 ) = (oo,2). 
Then 



1-1 = 2(1-^)-^ + ! 
r 2 ri 2n n r% 



and we have 



IM^IU^IMLr* + \\K j (\u\ 2 )u\\ l1tH % 
< ||v?|U2+T 2 -^p 3 

and 

d z (Af(u),Af(v)) < ll^dul^-^d^l 2 ^!!^ <T*-Zf?d z (u,v). 

We now have only to choose T, p for contraction of N '. This yields the local 
existence. 

Using energy conservation and time iteration scheme for A = +1 and 
smallness argument as in Theorem 14.41 for A = — 1 , we get a unique global 
solution. This completes the proof of Theorem 15. 11 

□ 



5.2 Critical case 

Theorem 5.2. (1) Let < a < 2 and a < 7 < n. If f E H^f and 

\\tp\\ 2^sl is sufficiently small, then there exists a unique solution u of (11. ip 

7 — a 7— a 

such that u E C b ([0, 00); if ^ ) n f 3 (0, 00; if ~L ). 

7 — a 

(2) Let A < a < 2 and f < 7 < a. If <p € and \\ 

V II ■ i~ a ^ 

sufficiently small, then there exists a unique solution u of (11. ip swc/i t/iat 

7 — a 2ra 

« G a([0, 00); HJ d ) n L 3 (0, 00; L^¥). 
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Proof. Case (1). We define the metric space (Z(p),dz) by 

Z{p) = [v e Z = C 6 ([0, oo); # ra 2 , ) n L 3 (0, oo; L^^^F) : < p) 



dz{u, v) = \\u — v\ 



z- 



By the same way as the part (2) of Theorem 15.21 we choose = 0, (?i,ri) 
(3,-^) and (q 2 , r 2 ) = (oo,2) so that 



3 



1 . 1 7 — a N n — 7 1 
1 = 2 + — . 

r 2 ri 2n n ri 



Then we have 



II^( W )|U<||^|L^ + ||^ 7 (N> 



2\ 

7 — a 



< IMI^ + \\uf 



and also 



d z (Af(u),Af(v))<p 2 d z (u,v). 



If C||y?|| -y-a < I and Cp 2 < |, then A/" is a contraction. 
Case (2). Take metric space Z(p) as 

Z(p) = ) y veZ = C b ([0, 00); H ra \ ) n L 3 (0, oo; ) : \\v\\ z < pj 



dz{u, v) = \\u — v\ 



z- 



Then it follows from Q and fl23) with = 2=«, ( 9l> n) = (3, and 
(g 2 ,r 2 ) = (00, n _ ( 2 " J that for any u G Z(p) 



\M»)h S IMI^ + / ll^ 7 (M>ll^ nL ^ dt. 
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Since <U\\ Lr , and^ = ^-^ + ^, 

WMWz < IM| +P 



3 



and for any u, v G Z(p) 

d z {N{u)M{v))<p 2 d z {u,v). 
Taking small Hv^H^t^h and p completes the proof of (2) of Theorem 15.21 □ 



6 Existence IV: via weighted Strichartz esti- 
mates 

In this section we show the global well-posedness below L 2 . To avoid com- 
plexity we only consider the case m = and n = 3. We utilize the weighted 
Strichartz estimates (12. 5p and (12 .6p and have the following. 

Theorem 6.1. Lettp G L^° ad andm = 0. Suppose thatn = 3, 21 ~^5 < a < 2 
and 1! ^2+2*a < 1 < a - Then there exists a positive constant p depending on 
n, a, 7 and A such that if <p G H Sc H^ L+s ' 2 and \\ | V| Sc g^ 1+S2 <^|| L 2 < p ; t/jen 
t/ie integral equation (II. 2p /ias a unique solution u G C{,([0, oo); H Sc H^ 1+S2 ) , 
where s± = - — i +1 ~ a and S2 satisfies that 

( n + 1 a n + 1 4\ f n — 1 n 
max ,7 + 3 — aH < S2 < min ,7 

V Qi 2 Qi 1/ V Q Qi 

Moreover, there exists (p + G H Sc H^ 1+S2 such that 

\\u(t) — U{t){p + \\^ acH s 1 +s 2 — > as t — )■ 00. 
The proof of the theorem consists of several subsections. 
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6.1 Weighted estimates 

In this subsection we assume that n > 2. We introduce several weighted 
estimates based on the Strichartz estimates (12.51) and (12. 6p . In fact, from 
interpolation of ( 12. 5 p and (I2.6P we get the following: 

Lemma 6.2. Let n > 2 and 2 < q < oo. Then 
(1) For each c and 5± such that 



n n n — 1 

- - < c < 1 

q q 2 

n n — 1 

Si < + — c, 

q 2 



we have 



x\ c \V\ c+ ^~d^U{t) V \\ LWl < \\<p\\rM. (6.1) 



(2) For each c with — - < c < — - and 5o < — c — - we have 

\ I q q z — q 



x\ c \V\ c+ U 5 JU(tM mi < |MUi- (6.2) 



Proof. Interpolating (12.51) and (12. 6p . we obtain (16.11) after arranging interpo- 
lation indices with respect to c of interpolated weight \x\ c . For (16.21) one can 
use (I2.6P and trivial estimate ||£7(£)<^||l°°£2 = IMUg- D 

To handle the Hartree nonlinearity we consider the following weighted 
convolution estimates ( see [11] and [T2]). 

Lemma 6.3. Let 1 < p, q < oo, < d x < d 2 < and 1 < 1 - Then 
we have 

\\\x\*{\x\-?-* * f)\\ Ll < \\\x\-^-^f\\ LlL ^. (6.3) 

Moreover, if p — oo, then d\ = d 2 is also allowed. Here L^ 1 denotes the 
Lorentz space on the unit sphere. 
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Throughout the section the triplet (c ,Ci,c 2 ) denotes 

/ 7+n— a n+a n+a n+a _i_ 7— re— a \ 

\ 2 <? ' <?i '92 2 y 

Here we use the explicit exponents 

1 1 a + 7 a + 27 

~~ 2^a - 1 + 4n + 2' ) ' 
1_ _ 1 a-7 + 1 ^ + 1-7 + ^ 
g 2 2 [ 2a 4 j ' 

1 _ 1 1 

Q Qi 12 ' 

Note that Co = c\ + c 2 . 

6.2 Duhamel formula 

One can verify that q, q± and g 2 defined above satisfy all the assumption in 
the following lemmas. 

We first consider H Sc H^ 1+S2 estimate for the Duhamel part U(t)Q t , where 

ft 



$t = -i\[ C/(-0^ 7 (|w| 2 )w(0 dt' 
Jo 



Lemma 6.4. Let s 1 = | - 1+ \ - and < s 2 < min(7 - |-, Suppose 
that Qi satisfies ^— 2 < — < then we have 



\\\V\ s ^ +s *U(t)<S> t \\ L ~ L2x < |||:rr>0^7(M>]IL^'L£ £ W 1 (u) 2 W 2 (u), 
where 

n-1 

w 2 («) = iikr c2 ^ qi m|| l?2l?L 2. 
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Proof. By the dual estimate of (16.11) and Strichartz estimate fl2.ll) we have 



u(-t')K,(\u\ 2 )u{t')dt'\\ LrLl < m*r co ivr c c si (X7(>i>) 



which implies 

Since d s J commutes with radial function ip and |x|~ c °, we obtain 

IIN—CKN" 7 * M>HL ? v^ ~ IK 2 N~ C1 (M~ 7 * \u\ 2 )\x\-^u]\\ LfL , lLl . 

Now by Leibniz rule on the unit sphere with 1/q' = 1 jq\ + 1 jq 2 



< 



\x\- c °d s j[(\xr*\u\ 2 )u}\\ Lq , Lq/L2 

\x\- c ^(\x\-^\u\ 2 )\\ L n \\\x\-^d s Ju\ 



(6.4) 



j 12 t 12 j 12 J 
lj t -^r L u 



where 1/2 = l/qi + l/q 2 — s 2 /(n — 1 ) . Here we need < s 2 < ■ By using 
Sobolev imbedding on the unit sphere, we obtain 



\x\ C2 d s Ju\\ q2 q2 q2 < \\\x\ C2 doj qi u\\ L i2 L i2 L 2 . 



(6.5) 



Since d s J also commutes with the convolution operator \x\ 7 *, we have 

iim- ci c 2 (m- 7 *m 2 )Hl- = \\\x\- ci (\xrHd: 2 (\u\ 2 )))\\^ a. e . t. 

By using the weighted convolution estimate (I6.3p . we get 

\\\x\-^(\xr*(d s j(\u\ 2 )))\\ L n < \\\x\-*d s J(\u\ 2 )\\ 

where c± = 7 — — + ci. Since s 2 <7 — — < n — 1 — 7 + — , the Leibniz rule 
on the unit sphere gives 

llM^CtM 2 )!' 

< br T ^?W 2(n-l) „ \X\~~*U 



n — 1 



2(n-l) 
n-l-(7--Ji--s 2 ) ' 



2(n-l) 
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Using the Sobolev embedding on the sphere again, we obtain 



\x\-^{\u\ 2 )\ 



n-l , < ~- 



a; 2 <i, 



a ,(7-£+«)/a 



L? 91 L 2 



Combining this with (16. 4 j) and (I6.5p . we get the desired estimate. 



□ 



If we further restrict the range of qi,q2, then we can handle the weighted 
norms of (I6.4p in a closed form through the Christ-Kiselev lemma (for in- 
stance see [131 1211 []]), which is stated as follows: 

Lemma 6.5 (Christ-Kiselev lemma). Let 1 < r < q < oo, and X,Y be 

Banach spaces. Suppose that 



< 



and 



U(-t')g(t')dt'\\ Ll < \\g\\mx). 



Then 



|| / U(t-t')g(t')dt'\\ LUY) <\\g\\ L r {x) . 
Jo 

Now we consider weighted estimates for Duhamel part. 
Lemma 6.6. Let Sl = 2 - and maxh -2±l + 3- a-4.2±l-2)< 



1 1 11 

2=2±i < _L < I T/ien 



s 2 < min(7 — — , 1L -^-). Suppose < ^—{ < — < and 

' — v ' qi ' qi ' rr oc—1 qi — n+a 27 52 — 2 

we have 

Wk(tf(t)$ t ) + Wb(£7(*)$ t ) < W^ufW^v). 
Proof. From the dual estimates of (16.11) with c = c it follows that 



U(-t')K,(\u\ 2 )u(t') dt'\\ Ll < || \x\^\Vr s ^ [# 7 (M>I || , , 



L\ L% L 2 ' 



(6.6) 



Since q' < q 2 , by Lemma [6751 together with, (16. ip with c = — c 2 and (I6.6P we 
have 



\x\ 


—C2 


v| 


\x 


-CO 


M 



2 , 7-3 
)92 T 2 j 
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(6.7) 



which implies 

2 i ~l • r ^ 

Z ''"^'t\\Ll*L?Ll^\\m ~"a~ i Sl^~/{\ u \-) u l\\ L < 1 ' L <i' L 2- 



\ x \- c *d^ 2 ^ sl+S2 um t \\ L n Ll 2 L 2 <||N- C0 C[^7(H>] 



Since *=± < J + ^ + Sl + S2 , we get W 2 (U(t)$ t ) < W 1 (u) 2 W 2 (u). 

By a similar way to get (16. 6p and (16 .7p with the estimates (I6.2p instead 
of (16.11) we get 



<nix|- c «ivr s ^- si [x 7 (i«i 2 ) M ]n L9 , L ^ 2 . 

Then by angular regularity shift, we also have 

nio;r^^/ 2 d: (V ^ )+si+S2 c/(t)$ t |i xflL1 



< 



|xr c °c[^7(l«r)« 



2 



which implies W x {U{t)<S> t ) < Wx(u) 2 W 2 {u) because ( 7 -^ + s 2 )/2 < -(2=2- 



t - ) + s\ + S2 for S2 as stated. This completes the proof of Lemma [6 .61 □ 



We note that max(— — f ,7 + 3 — a + — - -) is strictly less than 



2qi 

qi 2 ' ' 91 9 

min(^-,7 — ^). So, one can find a common s 2 which meets the condition 
of Theorem 16.11 and the requirements of Lemmas 16. 4[ 16.61 
Now we are ready to prove Theorem 16.11 

6.3 Proof of Theorem 16.11 

For e > 0, let us define function space B p by 

B p = {uEC(R;H s ^H s J +S2 ) : \\u\\ B < p}, 

where 

IMIb = \\M Sc dt 1+S2 u\\ LrLl + W 1 (u) + W 2 (u). 
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Then the set B p is a complete metric space endowed with the metric 
d B (u,v) = \\\V\^d s J + ^(u-v)\\ LrLl + W l (u-v) + W 2 (u-v). 
Now we define 

M{u) = U(t)(tp + $ t ) on B p . 

and show the mapping M is a contraction mapping from 5 p to itself for a 
sufficiently small p. 

First, from Lemma [6.21 it follows that 



|||v|«-<c + «E/(tM| I ~ Ii + |||*r»<L« u(tM\ L p LPLi 

On the other hand, for any u,v G B p we have for any a, G R 
|N a d£[|xr*(|«|>)]-|xrd£[|xr*(|t;| 2 )t;)]| 



(6.8) 



< ||x| a ^[|xr 7 * (| M | 2 )(n-v)]| 



+ |MX;N~ 7 * ((u -«)«)«] I + \x\ a dP [{xl' 1 * (u(u - v))v] 

Then by adopting the arguments such as duality, Strichartz estimate, and 
Christ-Kiselev lemma, as in the proofs of Lemmas 16. 4[ 16.61 we obtain the 
following. 

d B (Af(u),Af(v)) < (W x {u) + W 2 (u) + W 1 (v) + W 2 (v)) 2 d B (u,v). (6.9) 
Therefore 

d B (Af(u),Af(v)) < Cp 2 d B (u, v) (6.10) 

for some constant C independent of u, v, p. Now choose p and the size of the 
norm \\ip\\ ft aeH n+<>2 small enough to ensure that C p 2 < \ and C\ip\ H - ScH s 1 +s 2 < 
|p. Then combining (16. 8p and (I6.10p . we conclude that the mapping M be- 
comes a contraction on B p . 
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Now we show the existence of scattering. Let us define functions tp + by 

/■oo 

(p + = ip-i\ / U(-t')[K 7 (\u\ 2 )u](t')dt'. 
Jo 

Then by the estimates O, (p± G H Sc H* 1+S2 and 

\\u(t) — U(t)ip + \\^ BcHS1 + S2 — y as t — y oo. 
This completes the proof of Theorem 16.11 

7 Finite time blowup 

In this section we consider the blowup dynamics of massive focusing mass 
critical FNLS (m > 0, 7 = a, A = —1). For this purpose we adapt the Virial 
type argument of [15], in which the evolution of two quantities (u, Au) and 
(u, Mu) for 

A = ~(V-x + x- V), M = x ■ D 2 ~ a x. 

It is obvious from Proposition 13.11 that if tp G H k ,k = max(3, |), then 
there exists a maximal existence time T* > and a unique solution u G 
C([0, T*); F^nC^O, T*); iT*" 1 ) of (JUJ. If T* < 00, then lim t/ . T . = 
00. If further xtp, \x\ Vy? G L 2 , then we can show the propagation of moment: 
xu(t), \x\Vu(t) G L 2 for all i G [0, T*). We postpone the proof to the end of 
this section. 

Now let us introduce our blowup result. 

Theorem 7.1. Set 7 = a and m > 0. Let 1 < a < 2 and n > 4. Suppose 
that ip is smooth radial function with ip'(p) = d r tp(p) < 0, \ip'(p)\ < - for 
p > 0, and ip G H^ ad and x(p, \x\Vip G L 2 ad with E(tp) < 0, we have that for 
each m the maximal existence time < r m and lim^^ = oo ; 

where r m is the positive root of 

2a 2 E(ip)t 2 + 2a{(cp, Atp) + C\\(p\\ 4 L2 )t + {tp, Mtp). 
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Here C does not depend on m. 

7.1 Proof of Theorem 17.11 

Let us now show the theorem. We begin with the dilation operator 

A= ~{V -x + x- V). 

Since u G H k and xu, \x\Vu G L 2 , (u, Au) is well-defined and so is 

j t (u,Au) = i(u,[H,A]u), (7.1) 

where H = + V and V = -K a (\u\ 2 ) = -(ip/\ ■ \ a ) * \u\ 2 . Here [H, A] 
denotes the commutator HA— AH. As a matter of fact we have the following. 



Lemma 7.2. Let u, ip and ip be as above in Theorem\7. 1\ Then 



j t {u } Au) <2aE 2 (ip). (7.2) 



Proof of Lernma yTty Using the identity D^x = xD^ — aD^ 2 V, we have 

[D^A] = -iaD« m 2 Dl (7.3) 

Similarly, 

[V,A] = i(x-V)V. (7.4) 
Substituting (Q and ([73D into (fTTTj) . we get 

= „(„, A » - - <„,(*■ V)Vu>. (7.5) 

For the second term on RHS of (17.51) we obtain the following identities: 

(x-V V = a / -: [— cfy- / -: r— ac-y \\u(y)\ dy 

J \x — y\ J \x — y\ a 

J \ \x — y\ + \x — y\ a J \x — y\ 
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(uJx-V)Vu) = -AaV(u)- // ^- ^\u(x)\ 2 \u(y)\ 2 dxdy 

J J \x-y\ a 

- (u, {x ■ V)Vw), 

which implies 

1 f f \x -y\tp'(\x -y\)^^^ 2 2 



(u,(x-V)Vu) = -2aV(u)-- J J i \J_y\a * U \u(x)\ 2 \u(y)\ 2 dxdy. 



Substituting this into (17. 5p . we have 

^-{u, Au) < 2aE(<p) + 1 [[ (\x- y\tf x (\x - y\)) '"7" dxdy. 





x)\ 2 


u(y)\ 2 




x — 


y 


a 



dV ' ~ yrJ 2 
Since < 0, we get (Q. □ 

Next we consider the nonnegative quantity (w, Mu) with 



M^x.D 2 m a x = J2^D 2 m - a 



x k . 



k=l 



From the regularity and decay condition of u the quantity (u(t),Mu(t)) is 
well-defined and finite for all t G [0, T*) since \(u, Mu)\ < m ||am[|ia(||am||ia + 
\\x ■ Vu||l2), and so is 

^-(u,Mu) = i(u, [H,M}u) = i(u, [D^, M]u) - i{u, [K a (\u\ 2 ), M]u). (7.6) 
We have the following. 

Lemma 7.3. With the same condition as in Theorem \7.1\ we have 

—{u,Mu) < 2a(u,Au) + C|M|£ 2 , (7.7) 

(JjL 

where C is a positive constant depending only on n,at but not on m. 
Theorem 17.11 follows immediately from Lemmas 17.21 and 17.31 
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Proof of Lemma \773\ Using the identity D^x = xD^ — aD^ V, we first 



have the estimate: 

M] = D a m xD 2 ~ a x - xD 2 -*xDl = -a(x ■ V + V • x). 

For a smooth function v we get 

[v, M] = vxD 2 ~ a x - xD 2 ~ a xv 

= v\x\ 2 D 2 ~ a - (2 - a)vx ■ VD~ a - D 2 ~ a \x\ 2 v + (2 - a)D~ a V ■ xv 

= [ \x\ 2 v, D 2 -*} + (a-2) (vx • V|D- Q + MD~ a ^ • xv^j . 

By density we may replace v with K a (\u\ 2 ). We will show in the next section 

\(u,[\x\ 2 K a (\u\ 2 ),D 2 m «}u}\< |M| 4 L2 . (7.8) 

By the convolution estimate, Lemma 1631 in case when p = oo, d\ = d 2 = 7 
and / is radial, one have 

|<«, (vx • X|V|£r a + iVp-^ ■ xv} u)\ 

/ \u(x)\\x\-^ [ \ x -y\-("-("-V)\(^- u )(y)\dydx 



|V| 

To estimate this, we make use of the Stein- Weiss inequality [27J: for / e L p 
with 1 < p < 00, < \ < n, (3 < ^, and n = A + (3 

iiN^(i-r A */)iu P <n/iu P . (7.10) 

Applying fjT.lOj) with p — 2, (3 = a — 1 and A = n— (a — 1), (17. 9p is bounded 
by C|M| 4 L2 . 

□ 
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7.2 L 2 boundedness of commutator 

We show the commutator estimate (17.81) . We set / = |x| 2 i^ a (|M| 2 ). From a 
simple calculation we observe that 

[D 2 m a , f]u(x) = m n+2 ~ a {[Dl- a , f (-)}u m ) H, (7.11) 

where u m (x) = mr n u(f^). Thus we have the identity of the operator norms 

l|[^ a ,/]||x^ = m 2 --||[^--,/(./m)]|| L ^ L2 . 

Set f(x/m) = g(x). We define T iy a pseudodifferential operator of order 
1 - a, by Ti = -D\~ 0t {—/S)~ 1 d i so that D\~ a = -£™ =1 T^. Denote the 
kernel of Tj<9; by fcj. Then [Tidi,g] = [Ti,g]di + Ti(dig) and the kernel [Ti,g] 
is given by 

Ki(x,y) = h(x,y)(g(y) - g{x)). 

Suppose that g is in Lipschitz class A 2 ~ a . Then K{ is easily shown to be a 
Calderon-Zygmund kernel. Here ||^||^ 2 -c, = sup^ ^ffjf-a ■ We show that 
[Ti,g]di is bounded in L 2 and its norm is bounded by a constant multiple of 
HpII^-c By Theorem 3 in p. 294 of [26] and the duality of [Ti,g]di we have 
only to show that 

m.gldiiCi'/N^Wtp^WgWj^N^ (7.12) 

for a fixed bump function £ supported in the unit ball. From the kernel 
estimate \ki(x,y)\ < \x — y\ [ -' n+a - 1 it follows that \Ki(x, y)\ < II^IIa 2 -"! 3 ' — 
y|- (n_1) . If \x\ < 2N, then 

Thus ||[T J ^]^(C(V^))llL 2{{ |,|<2iv} < \\gh 2 - a N%. If |x| > 2N, then 
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Therefore 



\\[T l ,g}d l (a-/N))\\ LH{lxl>2N} < H^IU-— JV»- X ( / \x\- 2 ^dxy- 

J\x\>2N 



This shows dZH and thus || [T h g]d i \\ L 2^ L 2 < \\g\\ k2 . a = ||/|| A 2-«. If 

x 7^ y, then 

\f(x) ~ f{y)\ < \x - y\ / |V/(* a )|ds, z s = x + s(y-x). 



JO 

Since — 1 f° r P > 0, from Lemma 16.31 and mass conservation it 

follows that 

|V/(*.)| < \^ a \\u\\ 2 L2 = \\x\- 8 \x- y|MM|£,, 
provided a < n — 2. By a simple calculation we see that if < 9 < 1, then 

sup / \a — s\~ e ds < Cq. 

a>0 Jo 

Thus from this we get that 

\f(x)-f(y)\<\x-y\ 2 - a Mh, 

which implies that 

IIK^]^|U 2 ^ 2 <m-^||^|U 2 . (7.13) 
On the other hand, Ti(dig)(u)(x) = f ki(x, y)dig(y)u(y) dy and 

m(d t g)(u)(x)\ < J \x-y\-^^\d ig { y )\\u{y)\dy. 
From the duality and Lemma 16.31 
\{u,T j {{d j g)u))\ = \{T*u,{d j g)u)\ 

<m^\\u\\ L 4\{d 3 )f{-/m)\ J \.-y\-^- a ^\u(y)\dy\\ L , 

<m-( 2 - a )|M| 3 L2 |||.M / \.-y\-^«+V\u(y)\dy\\ L *, 
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where T* is the dual operator of Tj. Using the Stein- Weiss inequality ( 17.1 Op 

for (3 = a — I, A = n — a + 1 and p = 2, we get | (u, Tj, djgu)\ < m~^ 2 ~ a " > \\u\\ 4 L2 - 
Thus 

\\T 3) d j9 \\ v ^ <m-^\\ V \\ 2 L2 . (7.14) 
Therefore from (" 17. 1 3[) and (I7.14p it follows that 

||[^/]|| i ^ i2 = m 2 - Q ||[D 1 2 - a ,^]|| L ^ L2 <C'||v 9 ||i 2 . 
Here it should be noted that the constant C does not depend on m. 

7.3 Propagation of the moment 

We finally show a propagation estimate of the moment. In what follows, 
Bessel potential estimates are used crucially. So, we introduce some basics 
of Bessel potential. 

Let us denote the kernels of Bessel potential {fi > 0) and | V\ a D~ a D~P 



by Gp(x) and K(x), respectively, where D = y/1 — A. Then 

oo 
k=0 



where the coefficients A k is given by the expansion (1 — i)f = Y^T=o Akt k for 
\t\ < 1 with Xlfc>o < 00 • One can snow that (1 + G L 1 for £ > 1. 

In fact, we have that for 2k + /3 < n 

G 2k+P {x) < C(\x\- n ^ X {\ x \<i}(x) + e-^l X{W >i } (x)). (7.15) 



And also from the integral representation of G2k+p such that 

1 

(47r)«/ 2 rT^ + (5/2) ./„ 
we deduce that if 2A; + /3 > n, then 



G 2fc+/3 (x) = ; ^r- / / \( 2fc +/ 3 -«)/ 2 - 1 e -| :c l 2 /4A e -A ^ 



GWG*0 < C(x {W <i } (z) + e- c ^X{\ x \>i}(x)). (7.16) 
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Here the constants C of ( 17.1 5p and (17. 16j) are independent of k. The functions 
(1 + \x\) G2k+p have a uniform integrable majorant on k for each i > 1 and 
so K does. For more details see p. 132-135 of [25J. 
We introduce the moment estimate 

Proposition 7.4. Let m > and T* be the maximal existence time of so- 
lution u e C{[0,T*);H k ), k = max(|,4) to (HUD . If x<p, \x\Vp e L 2 , then 
xu(t),\x\Vu(t) eL 2 forallte |0,T*). Moreover, we have for t e [0,T*) 

ft 

,a-3 



II |^|w||x,2 < || |x|(^|| L 2 + Cm a / ^(t')!!^ dt' , 

Jo 

|||x|Vw|| L 2 < \\\x\\7(p\\ L 2 + Cm a - 3 / \\u(t')\\ m dt', 

Jo 

where C does not depend on m. 

For the proof for a = 1, 2 see [3] for NLS and [15] for semirelativistic case. 



Proof of Proposition \7.4\ We first consider the case m > 0. Let us denote 

m £ (t) = (u(t), \x\ 2 e- 2el Mt)} 

for < e < m. From the regularity of u and (17.111) it follows that 

m' e (t) = tm n+a - 2 {u m , [D a , \x\ 2 e~ 2£ ^ m ]u m ) 

= -2m n+a - 2 Im (xe- £lxl/m u m , [D a , xe~ £ ^ lm \u m ), 



(7.17) 



where D = D\ = yl — A and w m (x) = m n u(x/m). Then 

= (xe- £lxl/m u m , [D a - 2 ,xe- £lxl/m ]D 2 u m ) 

+ (D a - 2 (xe~ £ ^ m u m ), [D 2 ,xe- £ ^ m }u m ) 
= 1 + 1. 
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To handle I set (3 = 2 — a and denote the kernel of Bessel potential by 
Gp. Then by mean value inequality such that \ye~ £ \y\l m — xe~ £ ^l m \ < \x — y\, 
we have 



\([D-^xe-^ m ]D 2 u m ){x)\ 

= j G p {x - y)ye~ £ \y\l m D 2 u m (y)dy - xe~ £ ^ m j G?{x - y)D 2 u m (y)dy 



J G?{x - y)(ye-^/ m - xe- £ \ x \l m )D 2 u m (y)dy 



< J G p (x - y)\x - y\\D 2 u m (y)\dy. 

Since \x\Gp is integrable, from Cauchy-Schwarz inequality and Young's in- 
equality it follows that 



1/1 < Cm-^- 2 \\u\ 



(7.18) 



where C is independent of e and m. 

Now using Cauchy-Schwarz inequality we estimate E as follows: 

\E\ = \(D-P{xe- £lxl/m u m ),[D 2 ,xe- £lxl/m ]u m )\ 

= \ (D-P{xe- E W m u m ), (A(xe- £lxl/m ) + 2V(xe" £N/m ) • V)u m )\ (7.19) 
< CnrT n \\u\\ H iy/m £l 

where C is independent of e and m. We have used the fact 
| A(xe" e|x|/m ) + 2V(xe- £N/m | < C. 
Substituting the estimates for / and E into ( 17.171) . we have 



,a-3 



m E <m E (0) + Cm a " I \\a{ 



t(t')\\ H ^ m£ (t')dt'. 

Jo 

Gronwall's inequality yields 

v/inT < v/m e (0) + Cm a - 3 /2 [ \\u{t')\\ m dt' . 

Jo 
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Thus letting e — >■ 0, it follows that 

\\\x\u\\ L 2 < \\\x\y\\ L 2 +Cm a - 3 /2 [ \\u(t')\\ H 2 dt' for all te[0,T*). (7.20) 

Jo 

Now let us observe that u e H 3 , set t> = djU. Then one can easily show 
that 

^(v \x\ 2 e~ 2£ ^v) = i(v, [D%, \x\ 2 e- 2£lxl ]v). 
at 

So, by the same estimates as above we get 

\\\x\Vu\\ L 2 <\\\x\V^\\ L 2+m a " 3 [ \\u(t')\\ H 3 dt' for all te[0,T*). (7.21) 

Jo 

□ 
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